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Abstract. In a recent paper by the authors, Lie bialgebras structures of generalized Virasoro- 
like type were considered. In this paper, the explicit formula of the quantization of generalized 
Virasoro-like algebras is presented. 
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§1. Introduction 

In Hopf algebras or quantum groups theory, there are two standard methods to yield new 
bialgebras from old ones, one is twisting the product by a 2-cocycle but keeping the coproduct 
unchanged, another is twisting the coproduct by a Drinfel'd twist element but keeping the 
product unchanged. Constructing quantization of Lie bialgebras is an important method 
to produce new quantum groups (cf. [V], [PO], etc). In the paper [Ml] (cf. [M2, M3]), a 
class of infinite dimensional Lie bialgebras containing Virasoro algebras was presented. This 
type Lie bialgebras was classified in [NT], and the quantization of this type Lie algebras 
was determined in [G]. In the paper [SS], Lie bialgebras structures of generalized Witt type 
were classified. The quantization of this type algebras was considered in [HW]. In the paper 
[WSS], the structures of Lie bialgebras of generalized Virasoro-like algebras were determined. 
In the preset paper, we will consider the quantization of this type Lie algebras. 

§2. Preliminaries 

§2.1 Generalized Virasoro-like Lie bialgebras. Let C denote the complex field, and 

let F be any nondegenerate additive subgroup of (namely F contains a C-basis of ). 
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Definition 2.1 The Lie algebras >C(r) with basis {La, di, d2\oi e r\{0}} and bracket: 
[La, Lp] = (q;i/32 - Q;2/3i)I'a+/3, -La] = fti-^ai, for «, /3 G r\{0}, i = 1, 2. 
is called a generalized Virasoro-like algebras. 

Remark: We use the convention that if an undefined notation appears in an expression, 
we always treat it as zero; for instance, Lq, = 0, if a = 0. In particular, when F = the 
derived subalgebras [>C(Z^), £(Z^)] = span{Lo,|Q; e Z^\{0}} is the Virasoro-hke algebras 
(cf. [LT, MJ, ZZ]). The Lie algebras C{V) is closely related to the Lie algebras of Block type 
(cf. [DZ, X, Z]) and the Lie algebras of Cartan type S (cf. [SX, XI, Z2]). 

The following theorem is the main result in [WSS] . 

Theorem 2.2 Every Lie bialgebra structure on the Lie algebras CiV) is a coboundary 

triangular Lie bialgebra, namely, it is given by r-matrix r — r^^ with r = T ® La,T G 
span{Q;i,Q!2},-La G C{T). 

§2.2 Drinfel'd twisting. Let ^4 be a unital i?-algebra (where it! is a ring ), for any element 

X E A, a & R, we set 

x(^^ ^ (x + a)(x + a + 1) ■ ■ ■ (x + a + n - 1), (2.1) 

= (x + a)(x + a - 1) • • • (x + a - n + 1), (2.2) 

where n G Z, and we denote x^"^ = Xq^\x^"^ — Xq"'. 
The following lemma belongs to [G] and [GZ]. 

Lemma 2.3 Let F be a field with char F = 0, and x be any element of a unital F-algebras 
A, for a, d G F, and m, n, r G Z, one has: 

(m+n) _ (m) (n) /o o\ 

^[m+n] ^ ^N^N^^ (2.4) 

^i"*' = xl^Jj^_^_i, (2-5) 



Y: Izi)!^-]^-) = r ~ ) ^ (a-d)(a-d+l)---(a-d-r + l) ^ ^^.6) 



-ir^[m] In] _ fd-d + r-l^ _(a-d){a-d+l)---{a-d + r-l) 



Ji^r mini ""^"^ \ r ^~ ^! '^^'^^ 

The following definition belongs to [D]. 



Definition 2.4 An element !F & Ti. <^ Ti. is called Drinfel'd twisting element, if it is 
invertible such that 

( ® 1) ( Ao /d) (J^) = (1 ® J^) (1 ® Ao) (T) (2.8) 

(eo ® /d) (JT) = 1 (g) 1 = {Id (8) eo) (JT) . (2.9) 

The following theorem is well known (cf.[D]), it can be found in any book of hopf algebras. 

Theorem 2.5 Let {H, ji, r, Aq, eo, Sq) be a hopf algebra over commutative ring, ^ be a 
Drinfel'd element oi H ® then 

{1) u = ii{Id ® Sq){J-') is a invertible element oi H ® H with = ii{Sq ® Id){T). 

(2) The algebras {H, ji, r. A, e, S) is a new hopf algebra if we keep the counit undeformed 
and define A : H ^ H ® H, S : H ^ H hy: 

A(h) = J^Ao{h)J^-\ S{h) = uSo{h)u-\ 

Let {U{C{r)), /I, r, Aq, eo, 5*0) be the standard hopf algebra, i.e. 

Ao(L«) = L„ 1 + 1 » L„, Ao{di) = di®l + l^di, 
S{K) = -K, S{di) = -di, eo(L,) = 0, eo(a,) = 0, 

for a e F\{0}, i = 1,2. The main result of this paper is the following theorem. 

Theorem 2.6 Let C{r) be the generalized Virasoro-like algebra over F with charF = 0, 
choose T — aidi + 02^2 G span{5i, 82} and G C(r) with [T, L^] = L^, then there exists a 
noncommutative and noncocommuative hopf algebra structere(ZY(>C(r))[[i]], r. A, 5", e) on 
U(L{r))[[t]] over ¥[[t]], such that U(L{r))[[t]]/tl({L{r))[[t]] = U{C{T)), which preserves the 
product and the counit of Z^(£(r))[[t]], but the coproduct and antipode are defined by 

00 

A{Lp) ^Lf,0{l- L^tf + E(-l)'7^' «) (1 - LjyLp+i^Cit\ (2.10) 

1=0 

A{di) = 9^ (g) 1 + 1 ® 6»j + q;jT<^> 0(1- LJ)-^LJ, J = 1, 2. (2.11) 

00 

5(L^) = -(1 - Lj)-'ZL/3+iaCiT}'h\ (2.12) 

i=0 

S{di) = ajT{l - L^t)-\L^t - Llf) - dj (2.13) 

where b = ai/?i + 02 + /32, Q = ^"^^^7^^^^' , co = 1, J = 1, 2. 

§3. Proof of the main result 
We shall divide the proof of the Theorem 2.6 into several lemmas. 
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Lemma 3.1 Let T, G £(r) with 

T = aidi + 02^2, [T, La] = [aidi + 02^2, L^,] = L^, 

for some 01,02 G F and any a = {ai,a2) G F. For any P = {Pi, P2) G F, denote b — 
aiPi + 02/32- The foUowing equations hold in U{C(r)) for o G F, m, A; G Z_|_: 

i^/jTH = (3.1) 

LpTt^=TtlLp, (3.2) 

^.yM ^ ^n.] (3 3) 

5|TH=4-la^,j = l,2, (3.5) 

9^rj-) = ri-)9|,i = i,2, (3.6) 



l^l:; = u-iy ( ) (71/32 - 72/3i)^l--^l^+.„ (3.7) 

9,-L7 = m7,L:;: + j = 1, 2. (3.8) 

Proof. Since 

[T, L;3] = [oi^i + 02^2, L;3] = (oi/3i + 02/32)^^/3 = hLp = TL^j - i^/?^, 

we have Lj^T = (T — b)Li3, it easy to see that (2.1) is true for m = 1. Suppose that (3.1) is 
true for m, then for m + 1 we have 

LpTt'^'^ = (T + a - m) = Ti"^% (r + a - m) = T^TI, (T + o - 6 - m)L^ = T^T+^I . 

By induction on m, (3.1) holds. Similarly, we can obtain (3.2)-(3.6). For (3.7), we have: 



LpL:^ = E(-l)^( )L--nadL,)^(L^) 

= E(-1)M U--^L/3+^^(7i/32 - 72/3l)^ 

i— n V / 



The proof of formula (3.8) is similar to that of (3.7), using the following fact: 

f —liL.y, if i = 1, 
ad(L,)X9,) = { ^' ' □ 

0, if i > 1. 



Now for a e F , set 



OO 

1=0 



Ua = 1^- {So® Id){Fa),Va = [1 ■ {Id ® So){J^a) ■ 



1=0 



Write = JFo, F = Fo, = Uo, v = Vq. Since So{T^^) = {-lYT^l ^o(^a) = we 
have: 

OO ,., OO . 

OO OO 

i=0 i=0 

Lemma 3.2. For a, d e F, one has 

J^aFd = 1 (1 - L„t)('^-'^),^;„«d = (1 - L,t)-('^+'^). 
Therefore the elements J^a,Fa,Ua, Va are invertible elements with — Fa, — v^a- 
Proof. Using the formula (2.6) we have: 

OO , . . p., OO ... 

^aFa = (E ® I^at') ■ (E jr^i^^ ® L^^) 

i=0 j=0 

= E ^ri'^rj^'^ ® Lj^L^^f = E ( E ^-i^T^^T^'^) ® L^t- 

i,j=0 m=0 i+j=m 

/ a — d \ 

= E (-1)" ( ) ^™ = 1 ® (1 - Lai)"-^ 

m=0 771 

^a«. = (E IfTi'^^L*^) E ^-i^T^Wj^ = E IfTW^i^^^Tl^l^a^^' 

i=0 j=0 jj=0 

= E E (from (3.3)) 

m=0 i+j=m 

= E ( J^a*"" (from (2.7)) 

m=0 Ul 

= {l-Lj)-(-+^). 



□ 



Lemma 3.3. For any nonnegative integer m, and any a e F we have 



In particular, we have AqTH = ( ^ )tW O T^^-i]. 

Proof. Since Ao(T') = T 1 + 1 T", it is easy to see that the result is true for m = 1. 
Suppose it is true for m, then for m + 1, we have: 

Ao(r["^+il) = Ao(TH)Ao(T-m)) 

= (E ® Tr~"^){{T - a - m) (g) 1 + 1 (8) (T + a - m) + m(l ® 1)) 



E ( )Til®T^-'l)((r-a-m)®l + l®(T + a-m)) 

+m(E f ® T^-^i) + (1 ® T^+^i + ® 1) 



i=0 ^ i 

m-1 ^ 

i 

^ . 

i=0 ^ ^ 

+ (r - a - m) (g) # + ri^ (T + a - m) 

= 1 ® Ti™+^1 + Ti:^+^1 ® 1 + m( ( ® 

r 1 r 1 m— 1 / rjl \ r 1 r 

+ EH)( )Ti!l^ri" 
i=i ^ i ^ 

"^+1 / m + 1 N r i r 

= E ( )tW ®ri" 

i=0 ^ ?■ ^ 



Prom induction the result hold on arbitrary m. □ 
Lemma 3.3. T = Y.T=o i^T^ ® L'„f is a Drinfel'd twist element of U{C{V))[[t]], i.e. 

(J^® l)(Ao®/d)(.F) = (1® J^)(l® Ao)(J^), 
(eo i"d)(:r) = 1 (g) 1 = {Id®eo){T). 
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Proof. The second equation holds obviously, we just need to prove the first one. Since 

oo . oo . 

(J^® l)(Ao Id){T) = (E ® DJ <8) l)(Ao ® /d)(E ^rl^l ® Lit^) 

i=0 j=0 

oo 

i=0 



i,i=o k=o ^ k 



on the other hand, 

(1 (8) J^) (/d (g) Ao) (J^) = ( E ^^"1 ® Ti^^ ^ K) X 

r=0 

x(E^^'7^'''® E jLl^K"^) 

s=0 q=0 ^ g ^ 

r,s=0 0=0 ^ n 



it sufficient to show for a fixed m that: 

i+j=m k=0 k r+s=m q=0 q 

Now fix r, < i < s, and set i = q,i + k = s, then we have 

j — /c = j — (s — i)=i + j — s = m — s = r. 

We see that the coefficients of TW ® T^L^ ® L^-« in both sides are equal. So the result 
holds. □ 
Lemma 3.4. For a e F, /3 e F, we have 

{L^^l)Fa^ Fa-b{Lp^l), (3.9) 

oo 

(1 ® L^)F„ = E(-l)'^a+K^i'^ ® ciLp+iJ), (3.10) 

/=0 



LpUa = Ua+bT>Lp+iaCiT^l^it\ (3.11) 

1=0 

{dj (g) l)Fa = Fa{dj ® 1), (3.12) 

(1 ® dj)Fa = F^+iTj^) (8) a,-L«t) + F„(l ® 9,-), (3.13) 

djUa = -ajT]^lua+iLj + Uadj, (3.14) 

-f'al^a — Ua+lLa, (3.15) 

VT^^I = T^^lv-a - Ti%aLat. (3.16) 



where q = |t(q;i/32 - Q;2/3i)', j = 1, 2. 
Proof. Prom (3.2) we have: 

oo 

(L^ ® 1)F„ = (L^ ® 1) E iTi^> ® Lj,f 

oo 
i=0 

= EirTi!^6^/3®^L^' = ^a-fc(^/3®l), 

i=0 

where b = ai(32 + q;2/3i- This proves (3.9). For (3.10), using (3.7) we have: 

oo oo 

(1 ® Lf,)F, = (1 ® Lfs) E ir^i'^ ® 4f = E ir^i'^ ® LpL^^t' 

i=0 i=0 

= E if^i^^ ® E(-1)H )^L-^^/3+/a(«l/52 - «2/3l)^f 
i=0 ■ /=0 ^ ; ^ 

oo j 

= E(E(-l)'7i4w^«'^ ® L-'L^+;«(ai/52 - a2(3,y)f 

i=0 1=0 ^ ' 

oo oo /■ 7\ 

= E E(-l)'i^ri*^ ^ ® LlLp+i^{a,P2 - a2/9i)'t^+' 

i=0 1=0 
oo oo 

= E(-l)' Edf^it ® i^Li^FT^i ^ ® i^/3W'(«i/32 - «2/3i)' 

i=0 i=0 

oo , , 

So we have (3.10). Now we prove (3.11): 

r=0 r=0 r=0 

= E^riri-.E(-l)^( )^;-^(«i/52-a2A)S+^«t'- 
= E E(-l)' (4rT^r'(«i/32 - a2/3i)'L;3+.ar 
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r,l=0 
r,l=0 

_ ^ ^ ^ i-iy rp[r] Tri.r\rp[l] j {aiP2-Oi2l3if +1 

— 1^ Z^\—p^-'--a-b^a^ )J--a-b^l3+la ^1 1 

1=0 r=0 

= ""o+fe T_^_f^Ljjj^iaCit = Ua+b J2 Lp+laT_^_^iCit = Ua+b J2 Li3^iaT^_aClt . 
1=0 1=0 1=0 

This proves (3.11). For (3.12) we have: 

{dj ® 1)F„ = {dj ® 1) E TT^i'^ Lj,f = E l^djT^'^ ® ^L*^ 

i=0 j=0 

oo oo 

- E I^Tl'^dj ® L^f = (E I^Tt^ ® ® 1) = ^a(5i ® 1)- 

1=0 1=0 



Using (2.3) and (3.8) we have: 

oo oo 

(1 ® dj)Fa = (1 ® dj) E ir^i^^ ® L^f = E i-ri^^ ® djLl^f 

i=0 i=0 

oo 
1=0 

oo ... oo 

i=0 i=0 
oo 

= E 7-^Ti^>rj;-^> a,.L^f + F„(i a,) 

1=0 

= F„+i(rj'> ® a,L«t) + K(l (g) 9,-). 
So (3.13 ) holds. For (3.14) we have: 

OO OO 

r=0 r=0 

= E ^-^T^lirajLl + L^d.y 

r=0 

r=0 ^ ' r=0 

Now we prove (3.15): 



1=0 
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For the last equation we have: 

1=0 1=0 

i=o ^ ^' 

— -L-a^a -La Va-l-Lial^- 

This complete the proof of the lemma. □ 

Proof of Theorem 2.6. For arbitrary elements L^, dj e >C(r), j = 1, 2, we have: 

00 

= :FF_,{L^ ® 1) + ^^(-l)'F;(T<') ® i>/3+iaQtO 

1=0 

= (l«)(l-L,t)'')(L^®l) 

00 

+ E(-l)'(l ® (1 - ^a^)-') ® (8) L;3+toQi') 

i=0 

00 

= ® (1 - Ljf + E(-l)'2^^'^ ® (1 - Lpt)-'Lp+i^cit\ 

1=0 

A{dj) = TA{dj)T-^ = T{dj ® 1 + 1 ® dj)F 

= (8) i)F + ® dj)F 

= ® 1) + J^(Fi(T<^^ (g) a^-L^i) + F(l ® dj)) 

= a^- (g) 1 + 1 ® + 1 ® (1 - L„t)-i(T<i> ® a^L^t) 
= dj®l + l^dj + ajT<i> (g) (1 - Lj)-^Lj,j = 1,2, 

1=0 

00 

= -(l-L,i)-''(EQ^/3+iar<'>0, 
i=0 

= u~^So{d)u = —vdjU 

= -v{-ajT^^^uiLat + udj) 

— OLj{Tv — TvLat)uiLat — dj ^ 

— ajTvuiLat — djTvu2L^t'^ — dj 

= ajT{l - Lj)-^Lat - ajT{l - Lj)~^Llt^ - dj 
= ajT{l - Lj)-\Lat - Llt^) - dj. 
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